Abstract-We consider data transmission with an energy harvesting transmitter with non-negligible processing circuitry power and a hybrid energy storage unit composed of an ideal super-capacitor (SC) and an inefficient battery. The SC has finite space for energy storage while the battery has unlimited space. The transmitter stores the harvested energy either in the SC or in the battery and the energy is drained from the SC and the battery simultaneously. In this setting, we address the offline throughput maximization problem over a point-to-point channel. We show that the solution is obtained by a sequential application of the directional glue-pouring algorithm.
I. INTRODUCTION
Hybrid energy storage units have been extensively used in energy harvesting communication systems, see e.g., [1] and references therein. Such storage units are obtained by augmenting a super-capacitor (SC) to the battery. In general, SCs ideally store energy; however, they suffer from low energy storage capacities. On the other hand, batteries have large storage capacities while they suffer from inefficient energy storage. In data transmission with such an energy storage unit, the transmitter has to decide the portions of the incoming energy to be saved in the SC and the battery. While it is desirable to save energy in the SC due to its perfect storage efficiency, the storage capacity limitation necessitates careful energy management. In this paper, we address this problem in an offline setting.
Offline throughput maximization for energy harvesting systems has recently been studied in various models [2] - [16] . In [2] , the transmission completion time minimization problem is solved in energy harvesting systems with an unlimited capacity battery over a static channel. This line has later been extended for a finite capacity battery [3] , fading channel [4] , broadcast channel [5] , [6] , multiple access channel [7] , interference channel [8] and relay channel [9] , [10] . Offline throughput maximization for energy harvesting systems with leakage in energy storage was studied in [11] . In [12] , offline optimal performance limits of multi-user wireless systems with energy transfer are studied. This line of research has also been extended in [13] , [14] for systems with processing costs. [15] considers offline throughput maximization for energy harvesting devices in the presence of energy storage losses. In This work was supported by NSF Grants CNS 09-64632, CCF 09-64645, CCF 10-18185 and CNS 11-47811. our recent work [16] , we considered throughput maximization for energy harvesting transmitters with hybrid energy storage.
In this paper, we extend our work in [16] to address the offline throughput maximization problem for the specified hybrid energy storage model when there is additional processing cost. As emphasized in [2] - [16] , energy arrivals impose causality constraints on the energy management policy. In addition, battery limitation imposes no-energy-overflow constraints [3] , [4] , [6] . In the presence of hybrid energy storage, the energy causality and no-energy-overflow constraints take a new form. Moreover, a time-linear additive processing cost is present in the data transmission circuitry. We model the processing cost as an additional power expenditure and the storage efficiency as a constant η, and solve for the optimal throughput.
It is well-known that circuit power consumption is nonnegligible compared to the power spent for data transmission in small scale and short range applications [17] . We note that a considerable portion of energy harvesting communication applications falls into this category, and the effects of circuit power have been investigated in previous works on energy harvesting communications [13] , [14] , [18] , [19] . Among these works, the framework that is most pertinent to ours has been proposed in [14] . In contrast to [14] , in our case, the transmitter has to additionally decide the portions of the energy cost drained from the SC and the battery in the presence of hybrid energy storage. Despite this additional complexity, we show that the solution of the throughput maximization problem with hybrid energy storage is obtained by a sequential application of an extended version of the directional glue pouring algorithm in [14] . To this end, we first construct an equivalent single epoch problem by introducing new time and power variables. In particular, we divide the available time for the SC and the battery and enforce SC and the battery to pay the energy costs in the corresponding time intervals. We show that this specific scheme yields a jointly optimal transmission and energy cost drainage scheme. We, then, generalize the single epoch analysis to multiple epochs and obtain an extension of the framework in [14] to the case of hybrid energy storage.
II. SYSTEM MODEL
We consider a single-user additive Gaussian noise channel with an energy harvesting transmitter. The transmitter has three queues: a data queue and two energy queues. Two energy queues correspond to a hybrid energy storage unit composed of a battery and a SC as shown in Fig. 1 . The battery has unlimited storage capacity whereas SC can store at most E max units of energy. The battery is inefficient in the sense that the energy that can be drained from it is less than the amount that is stored; the SC is perfectly efficient. We assume an infinite backlog in the data queue. The physical layer is an AWGN channel with the inputoutput relation Y = √ hX + N where h is the squared channel gain and N is Gaussian noise with zero-mean and unit-variance. Without loss of generality, we set h = 1. We follow a continuous time model and instantaneous rate is units can be drained and (1 − η)E b i units are lost. Moreover, we assume that the available energy in the battery can be transferred to the SC instantaneously 1 . As a consequence, none of the arrived energy overflows; however, there is an energy loss due to the inefficiency of the battery.
Moreover, we note that the power policy should cause no energy overflow in the SC. In order to express this constraint, we divide each incremental drained energy p(u)du as a linear combination of the energy drained from the SC, p sc (u)du, and the energy drained from the battery,
We are allowed to divide p(u)du into such components since the energy in the battery can be instantaneously transferred to the SC. The transmitter's circuitry causes an additive time-linear processing cost in data transmission. In particular, the processing cost could be viewed as a constant circuit power whenever it is active. Hence, for a transmit power policy p(t), the total power consumption is
where is in energy units per time units. In this case, the energy causality and no-energy-overflow constraints can be expressed as: 
III. OFFLINE THROUGHPUT MAXIMIZATION A. The Case of a Single Epoch
We start by considering the single epoch case. Assume that E sc and E b units of energy are available at t = 0, respectively, and let the deadline be set to infinity. We have the following optimization problem:
where p sc (u) and p b (u) are the powers drained from the SC and the battery during the 0 ≤ u ≤ t time interval. The energy constraints for (4) are:
We remark that the single epoch analysis in [14] , [20] does not immediately apply to our problem since our problem involves two power variables and the transmitter incurs a processing cost when either one (or both) of these power variables is non-zero and the processing energy can be drained from two different energy storage devices.
We observe that due to the concavity of the log(.) function, 
Equating its derivative to zero, we obtain the following equation (c.f. [14] , [20] ): (5), which parametrically depends on and is independent of E sc and E b [14] , [20] . Moreover, we note that the selections of p sc * and p b * are not unique and they determine sc and b . In particular, we have
Now, let us impose a deadline t ≤ T to the problem in (4 
In the infinite deadline case, one possible selection is p sc * = 
B. The Case of Multiple Epochs
We now consider the multiple epoch case. As the rate-power relation is concave and the processing cost is additive and independent of the transmit power level, the transmit power policy p(t) has to be constant during each epoch i as long as p(t) > 0; see also [14] , [20] . Therefore, we get the following constraints for all i:
where
is the time portion of epoch i in which the transmitter is active. Thus, 0 ≤ t i ≤ i . We note that the constraint set in (11)- (14) is not convex. To circumvent this difficulty, we introduce a change of variables:
The constraint set in terms of the new variables is:
Throughput maximization problem in the new variable set is:
The concavity of the objective in (20) follows from the convexity preservation of the perspective operation [21] and the fact that
is the perspective of the concave function 1 2 log (1 + α i + β i ), c.f. [14] . The Lagrangian for (20) is:
and z i are the Lagrange multipliers. The KKT optimality conditions for (20) are:
and the corresponding complementary slackness conditions:
We remark that the optimization problem in (20) may have many solutions. Based on our analysis of a single epoch, we observe some properties of an optimal solution for (20) in the following lemmas. 1i ≥ p * where p * is the threshold power level. Lemmas 1-3 provide useful properties of the optimal power allocation in the presence of additive processing cost . In particular, we first determine a threshold power level p * based only on , and determine the energy flow in time accordingly. In view of these properties, we continue our analysis for fixed δ i = 0 case in the following section.
C. Optimal Policy for Fixed δ i = 0
For fixed δ i = 0, the problem is the following:
We next show that the solution of (33) is found by applying the directional glue-pouring algorithm in [14] only twice. The proof of Lemma 4 is skipped here due to space limitations; see [22] for a detailed proof.
Lemma 4 For fixed

D. Determining the Optimal δ * i
In the previous section, we have seen that for p 
IV. CONCLUSION
We study offline throughput maximization in an energy harvesting transmitter with hybrid energy storage and non-zero processing power. In contrast to previous work, an additional challenge arises as the processing power is drained from two energy storage units. We show that the solution is obtained by a sequential application of directional glue-pouring algorithm.
